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Abstract—Stability of breakwaters on granular soils subjected 
to deep seated failure is studied. A dimensionless parameter 
which is obtained by the method of stress characteristics is 
assumed and it has been used to estimate the factor of stability. 
Unlike conventional approaches where the soil is assumed to obey 
an associated flow rule, in this research, a non-associated flow 
rule was assumed which is more consistent with the nature of 
marine deposits comprising fine compressible aggregates. Some 
stability charts were developed for practical use.  
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I.  INTRODUCTION  

Stability problems are concerned with failure of loaded 
bodies. The most important feature of stability problems 
is the determination of the ultimate load that causes the 
failure. Such problems have been solved based on the 
theory of plasticity [1]. The bearing capacity problem as 
well as the slope stability problem are two classes of 
standard stability problems in soil mechanics [1,2]. For a 
deep seated failure problem, there is a combination of 
these two almost different problems into one stability 
problem. To do so, the method of stress characteristics 
has been implemented which has been almost well 
founded and developed by Sokolovskii [3]. Applications 
of this method can be found in the works of researchers 
like Cox [4], Hansen [5], Chen [4] and also Bolton and 
Lau [6] who extended the method of characteristics to 
different branches of stability problems, in particular, the 
stability of surface footings on soil.  
It has been on the other hand, almost well accepted and 
reported that most soil obey a non-associated flow rule. 
This particular type of flow rule is very important since 
this affects the energy dissipation and hence, the limit 
load on such materials. In particular, marine deposits are 

often very compressible, rendering them into a class of 
granular materials with the most tendency to show a 
non-associative plastic flow. One of the first important 
contributions on the concept of nonassociativity can be 
attributed to Zienkiewicz et al. [7], among many former 
researchers, and also Drescher and Detournay [8], for 
problems dealing with soil mechanics. Michalowski [4] 
with using the limit analysis method did a research on 
the influence of soil weight on the bearing capacity of 
foundations for both associated and non-associated 
materials. Jian-Hua Yin, Yu-Jie Wang and Selvadurai 
[9] with a numerical solution examined the influence of 
nonassociativity on the bearing capacity of a strip 
footing. Calculation of limit loads for nonassociative 
materials was done by Michalowski [10] for applications 
in limit analysis. For stability problems in slopes, the 
method of slices was proposed by Peterson in 1916 and 
it was developed in considerable detail by Fellenius in 
1927 and Bishop (1950) discussed on and extended this 
method. Fellenius (1927), using the method of slices, 
obtained the relationship among the factors of safety 
with respect to both shear strength soil parameters,the 
slope angle, the hight of slope and the unit weight of the 
soil. In addition to his studies of circular surfaces 
passing through the toe of the slopes, called toe failures , 
he also investigated the possibility of the circle passing 
through the soil below the toe, called the base (deep 
seated ) failure. A base failure in addition to the 
variables considered for toe failures, depends on the 
depth factor (n) as shown in Figure 1. Proceeding with 
his analytical solution for base failure with φ=0, 
Fellenius found that the maximum stability number for a 
base failure  when occures that the depth factor is 
infinitely great Different modes of failure are shown in 
Figure 1 [2]. 
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Fig. 1. Schematics of Different Types of Failure in Embankments 

 
 
There are several researches about the stability of 
embankments on soft ground. Taylor [11]  used friction 
circle method to compute stability chart. For presenting 
the results in a dimensioless manner, he introduced a 
stability number.   Jakobson [12] and Odenstad [13] 
have done researches about stability of embankments on 
cohesive soils.  Gibson and Morgenstern [14] presented 
a solution for the stability of slopes in cohesive soils 
with assuming a linear variation in shear strength with 
depth, the strength at the surface is assumed to be zero. 
Nakase [15], Odenstad [16] and  Hunter and Schuster 
[17] have done researches about stability of 
embankments on cohesive soils. Nakase [18] studied  the 
stability analysis of low embankment with considering 
arbitrary surcharge construced on cohesive soils that 
shear strength increases linearly with depth. Bak-kong 
Low [19] has worked about the stability of embankments 
on soft soils with considering cohesion and internal 
friction angle for soils. They developed a simple 
procedure to compute by hand factor of safety for 
embankments constructed on soft clay andassumed the 
potential slip surface to be circular. In this research, the 
factor of stability of breakwaters on granular soils has 
been computed. A procedure is proposed where the 
lowest factor of stability is computed by considering a 
real slip surface under the foundation of a breakwater. 
Slip surface is obtained by the method of stress 
characteristics, so it is a real surface for failure 
mechanism.   

II. METHOD OF STRESS CHARACTERISTIC  

The method of stress characteristics is a very useful 
method for solving plasticity problems in soils which 
was proposed by Sokolovskii [3]. The bearing capacity 
of foundations can be analyzed by this method where the 

equilibrium and yield equations are satisfied 
simultaneously. Sokolovskii found that the directions of 
stress characteristics coincided with those corresponding 
to the shear planes, along which, slip would occur. There 
are four unknowns, x, z,σ,θ involved in the equations of 
the slip lines that will be found by simultaneously 
solving the system of partial differential equations. The 
stress characteristics equations can be written as below. 
They are based on Sokolovskii’s [3] equations and 
Anvar and Ghahramani [20] representations:  
Along the positive direction ( ):  
 

                                                                                   2          (1) 

 
Along the negative direction ( ):  

                                                                                   2          (2) 

 

where:

 , 

σ is the mean effective stress, θ is the angle defining the 
direction of the major principal stress direction with 
horizontal direction, c and φ are soil shear strength 
parameters, X and Z are components of the horizontal 
and vertical body forces correspondingly, x and z are 
coordinates of each point respectively. Some parameters 
of above equations are shown in Figure 2:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The state of stress on  the soil body along the directions of the stress 
characteristics 

 
 
Stress characteristic method is a boundary value 
problem. For solving boundary value problems, one may 
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need values for variables defined along boundaries. The 
boundary conditions corresponding to the problem under 
study are shown in Figure 3.Different variables, x, z, σ 
and θ are significant values along the ground level 
boundary . q is a slight surcharge pressure. 
 

 
Fig. 3. Stress charactristics and different zones formed beneath the 
breakwater  

 

III. NON ASSOCIATIVE FLOW RULE 

The method of stress characteristic is based on the 
associative flow rule but in fact most of soils obey  a 
nonassociative flow rule. It should be reminded that in 
nonassociative materials plastic potential surface and 
yield surface are not identical [9] The size of the plastic 
region in nonassociative materials are less than the one 
for associative materials and hence, it is expected that 
the limit load to be decreased in non-associative 
materials.  
Davis in 1968[21] and Rowe in 1969 [22] suggested 
almost identical equations which can be used for non-
associative materials. In fact their equation can be used 
to replace non-associative materials with equivalent 
associative ones. Drescher and Detournay in 1993[8] 
represented this equation and performed a research on 
the stability of non-associative materials and interpreted 
the limit load. With these equations, one can obtain the 
values of the bearing capacity of foundations or the limit 
height of a breakwater for both associative and 
nonassociative materials. These equations are as follows: 
 
 
 tan   

 
                                             (3) 

 cos cos 1 sin sin 
                                                  (4) 

 
In above equations, ψ is the angle of dilation,  is the 
internal friction angle,  is the cohesion intercept,  is 
the equivalent cohesion. and   is the equivalent internal 
friction angle. 

 

IV. RESULTS OF THE PRESENT STUDY 

In this study, stability factor of breakwaters for rough 
soil-breakwater interface for both associative and non-
associative marine deposits has been developed. The 
marine deposits are assumed to mainly consist of fine 
granular materials with either associative or non-
associative flow rule. The method of stress 
characteristics has been applied and the governing 
equations have been solved numerically by the standard 
finite difference technique. This solution technique can 
be found in the literature (see for example Bolton and 
Lau [6]). In this regard, the procedure for computing the 
stability factor has been divided in two successive steps: 
In the first step, it is considered a dimensionless 
parameter N (corresponding to each internal friction 
angle) that is computed by the method of stress 
characteristics . This dimensionless parameter is 
computed by finite difference method which is a 
standard method in solving the stress characteristics 
equations. In the next step, the stability factor 
corresponding to each internal friction angle is obtained  
by making use of the dimensionless parameter N. 
Required equations in computing the stability factor 
based on this dimensionless parameters are given below:     
 0.5                                   (5) 

 
 

                                          (6) 

 
In above equations, qult is the ultimate pressure 
developed beneath the breakwater, γBr is the specific 
weight of breakwater and h is the height of the 
breakwater. For computing the minimum value of the 
factor of stability, the height of the breakwater above the 
failure surface was assumed to possess the maximum 
value and hence, the portion of the breakwater 
responsible for the deep seated failure, would be of a 
triangular shape. Thus, the factor of stability for some 
breadth of the breakwater, B, will be: 
 . .                                (7) 

 
Stability factors computed for a range of different 
marine deposits friction angles and different dilation 
angles are presented in Tables I and II. Correspondingly, 
in Figures 2 and 3 they are shown graphically for 
comparison purpose.  In deposits of low friction angle, 
this effect is insignificant. However, it can be seen that 
the effect of non-associativity becomes more 

α 
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pronounced when the friction angle increases and also 
when the dilation angle decreases.  
 

TABLE I.    STABILITY FACTOR  (ONE ASSUMPTION)  

ф 
Stability Factor for α=60˚ 

ψ=ф ψ=0.5ф ψ=0 

5 0.4945 0.4945 0.4945 

10 0.6325 0.6305 0.6246 

15 1.1185 1.0989 1.0456 

20 1.8983 1.8180 1.6210 

25 3.3777 3.3506 2.6350 

30 6.7113 5.9002 4.3716 

 
 

 
Fig. 4. Stability Factor for α=60˚  

                                                                      

 

TABLE II.    STABILITY FACTOR  (SECOND ASSUMPTION) 

ф 

Stability Factor for α=45˚ 

ψ=ф ψ=0.5ф ψ=0 

5 0.8565 0.8565 
0.8562 

 

10 1.0956 1.0921 1.0819 

15 1.9374 1.9034 1.8110 

20 3.2879 3.1489 2.8076 

25 5.8503 5.8034 4.5639 

30 11.6242 10.2195 7.5719 

 
 

 

 
Fig. 5. Stability Factor for α=45˚  

 
 

V. CONCLUSIONS 

In this study, the effect of flow rule on the stability of 
breakwaters constructed over fine granular marine 
deposits against deep seated failure has been 
investigated. The problem was formulated as a standards 
stability problem in soil mechanics and the method of 
stress characteristics was implemented to solve the 
problem. The stability of breakwaters subjected to deep 
seated failure has been expressed in terms of some 
stability factor which is defined as a ratio of ultimate 
pressure to the weight (or equivalently, pressure) of the 
breakwater. After performing a number of different 
analyses, some design charts were developed. The effect 
of non-associativity was accounted based on the 
contribution of Davis (1968) and Rowe (1969) which 
was later represented by Drescher and Detournay (1993) 
for limit analysis in soil mechanics. Although the role of 
flow rule is not significant for very fine marine deposits 
with low friction angles, it was revealed that this effect 
is very important, at last for those deposits with higher 
angle of friction. Thus, application of conventional 
methods for stability analysis and design of breakwaters 
on fine granular marine deposits may lead to an unsafe 
estimate of the stability as they are often based on an 
associated flow rule assumption, and hence, an 
inadequate design. In contrast, results considering a non-
associated flow rule may be more reliable. 
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