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However, in this paper Winkler foundation is used which is the
simplest method for solving kinematic soil-pile interaction
problem. This method, more specifically called Beam on
Dynamic Winkler Formulation, is discussed in some detail.
First the differential equation governing the linear site response
is solved for a two layer soil profile. The resulting solution is
then used to solve the differential equation for kinematic
interaction. The solution is presented both for end bearing piles
and free standing piles by imposing relevant boundary
conditions on the solution. The solution can be easily
implemented in any software.

Abstract—In a seismic environment, soil displacement affects
the pile motion, and the pile motion affects the wave field
surrounding it, which in turn affects the pile displacement. This
inter-dependency of soil and pile motion is called kinematic
interaction. In certain cases, this must be considered in the stress
calculations for piles. One such case is when a pile passes through
soil layers of sharply different shear moduli. Damage to pile is
most imminent at two soil layers’ interface because of high
strains. In this paper differential equation of kinematic
interaction is solved and programmed in MatLab. The solution is
based on Winkler formulation called Beam on a Dynamic
Winkler Formulation (BDWF). A detailed parametric study is
carried out to indicate the effect of different parameters on pile
bending moment.

II.

The pile soil system considered in this research is shown in
Fig. 1. The pile passes through a two-layer soil deposit which
has different shear moduli. The case of free head and free tip of
pile are considered. The bedrock that underlies the soil layers is
subjected to S-wave that propagates vertically upward. The Swave imposes on bedrock a harmonic displacement of ug (t)
=Ug exp(it) where Ug is the amplitude of harmonic
displacement and  is the excitation frequency. Group effect is
not taken into consideration as this is of less importance in
kinematic interaction [5, 6].
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I.

INTRODUCTION

During earthquake shaking, the superstructure vibrates
resulting in the development of inertia forces in the
superstructure, which are transmitted to the pile. The pile must
resist these inertia forces. Another force experienced by the
pile during earthquake shaking is due to the vibration of ground
itself. When the ground vibrates, it imposes displacements on
the pile embedded in it. The pile displacement resulting from
inertial forces and ground vibration modifies the wave field
around the pile, which in turn influences the pile movement.
This interaction between soil and pile is called kinematic
interaction. While inertia forces have received greater attention
and a bulk of knowledge is available in the literature regarding
how to deal with inertial loading, kinematic interaction remains
relatively less explored. Eurocode 8 is the only code which
considers kinematic interaction for piles. Many pile failures
caused by kinematic interaction have been documented in
literature, particularly when piles pass through layers of
varying shear moduli [1]. Large soil strains are imposed at the
layers’ interface, resulting in high pile bending moment [2, 3,
4]. Therefore it is very important to study the parameters
affecting kinematic interaction.

PILE SOIL SYSTEM

III. WINKLER FORMULATION
Beam on Dynamic Winkler Formulation (BDWF) has been
extensively used to solve soil pile interaction because of its
simplicity. This method is used in this paper to solve the pile
soil system subjected to earthquake excitation (Fig.1). The
BDWF is schematically shown in Fig. 2, which consists of a
bed of springs with linear stiffness coefficient (kx) and a bed
of dashpots with dashpot coefficient cx used to connect pile to
the soil all along its length. This spring and dashpot system
resist the pile motion. The free field displacement uff (z,t) is
transferred to the pile through the springs and dashpots
system.
IV. DIFFERENTIAL EQUATION GOVERNING KINEMATIC RESPONSE

In this paper, the solution of differential equation governing
kinematic interaction is presented which yields the pile
rotation, displacement, bending moments, and shears
developed due to kinematic interaction of a soil-pile. Soil with
two layers having different soil shear stiffness is considered.
The problem of kinematic interaction of pile can be solved by
most rigorous methods using three dimensional finite elements.

OF PILES

The differential equation for the steady-state pile
displacement to the harmonic excitation is given
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Spring stiffness (Kx) is taken from [7] and the
distributed dashpot/length (cx) are those considered by [8, 9].

(1)

V. SOLUTION OF DIFFERENTIAL EQUATION
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Equation 1 is solved using relevant boundary and
compatibility conditions of the pile soil system.
The general solution of Equation 1 is

 ic ω
x

mp is the pile mass per unit length, Ip is the second
moment of area about centroid of the pile section, Ep is the
pile elastic modulus, Sx is complex impedance function, and
Uff(z) and Upp(z) are the amplitudes of free field ground
displacement and of pile at depth z, respectively. The
derivatives of Uff(z) and Upp(z) are differentials with respect
to depth z.
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Figure 1 Pile embedded in a soil deposit composed of two layers of soil
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The Uff1 and Uff2 terms are evaluated through free
field site response analysis. Equation 3 and equation 4 have
eight constants. Their values can be determined using
boundary and compatibility conditions of the pile soil system.
The four boundary conditions are the known pile moment and
shear at the pile head and tip. The four compatibility
conditions are the pile displacement and rotation at the soil
layers’ interface. These conditions are discussed below.
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where s=/(q*4-4), q* = [/(Vs + is)]1/2 is complex
wave number. In the wave number equation the shear wave
velocity (Vs) and damping ratio (s) of the corresponding soil
layer should be used. D1, D2, D3, and D4 are arbitrary
constants to be evaluated through boundary conditions.
Using subscript “1” for the upper soil layer and “2” for
the lower soil layer and introducing local coordinates z1 and
z2 (Fig. 1), Equation 2 can be re-written as

z1

bottom soil
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Pile

A.

Boundary conditions

The moment, M and shear, V at the pile head and base
are zero

Vertical Shear Waves
Figure 2 Pile soil system modelled as BDWF
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Mn,max = maximum normalized pile bending moment
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The effects of the following parameters on the Mn,max
are evaluated. These parameters are: ratio of excitation
frequency to fundamental frequency of soil deposit (/1),
length to diameter ratio of pile (L/d) ratio, ratio of the elastic
B.
Continuity conditions at interface of two soil layers
modulus of pile to the elastic modulus of upper soil layer
(Ep/Es1), ratio of the shear wave velocities of the two soil
The displacement and rotation at the soil layers
layers (V2/V1), h1/L, and h3/L.
interface are continuous:
Following parameters are considered constant in the
(9)
U pp1 ( z1  h1)  U pp2 ( z 2  0)
analysis
'
'
Density of top soil layer and bottom soil layer = 18
(10)
Upp1 (z1  h1)  Upp2 (z 2  0)
kN/m3
Density of pile = 1.6  density of top soil layer
Soil damping ratios = 10%
Poisson’s ratio of soil = 0.4
Amplitude of the bedrock acceleration = 1 m/s2

The continuity of moment and shear yields:
M(z  h )  M(z  0)
1
1
2
V(z  h )  V(z  0)
1
1
2

(11)
(12)

Using these boundary and continuity conditions,
Equations 3 and 4 can be solved for the coefficients from D1
to D8.
On the right side of Equation 3 and 4, appear free field
amplitudes. These amplitudes and their derivatives at
particular depths can be obtained from site response analysis.
The differential equation of wave propagation problem in two
layer soil is solved below.
C.

To evaluate the effect of excitation frequency on the
bending moment of pile at the two soil layers’ interface, the
following eight cases given in Table 1 are considered. The
h1/L and h3/L are considered 0.5 and 1 respectively for all the
cases.
TABLE 1. PARAMETERS CONSIDERED FOR EVALUATION OF
FREQUENCY EFFECTS ON BENDING MOMENT

Site Response Analysis of Two layer soil system

-i(t+q*z)

uff(z,t)=A e
+Be
Applying local coordinates z1 and z2

(19)

uff1(z,t)=A1 ei(t+q1*z1) + B1 e-i(t+q1*z1)

(20)

i(t+q2*z2)

Cases

Para-

To capture the response of free field ground motion,
the soil is assumed to behave as a Kelvin-Voigt solid, the
general wave equation is
i(t+q*z)

Effect of Frequency of Excitation ()

A.

meters

1

2

3

4

5

6

7

8

Ep/Es1

5000

5000

10000

10000

5000

5000

10000

10000

V2/V1

2

2

2

2

10

10

10

10

d/L

20

40

20

40

20

40

20

40

The normalized bending moments for all the cases are
shown as a function (/1) in Fig. 3.

-i(t+q2*z2)

uff2(z,t)=A2 e
+ B2 e
(21)
where uff1 and uff2 are free field displacements at any
depth in the top and bottom soil layers, respectively.
The constants A1, B1, A2, and B2 are found by using
following boundary and continuity conditions: shear stress at
ground surface is zero, shear stresses in the two soil layers at
the interface are equal, and displacement at the bottom of soil
is equal to bedrock displacement.

The bending moments along the pile length resulting for
different frequencies of excitations are also evaluated for a soil
pile system Ep/Es1=2000, L/d=20, Vs1/Vs2=1/5, and
h1/L=0.5. The soil pile system is excited by 1, 21, and
0.51. The results are shown in Fig. 4.

B.

Effect of L/d, Ep/Es1, V2/V1, and h1/L

VI. PARAMETRIC STUDY
The variation of parameters considered are: h3/L=1,
Ep/Es1= 1000, 5000, 10000; V2/V1= 2, 10; H1/L = 0.25, and
0.5., and a range of L/d values varying from 10 to 40. The
resulting graphs are shown in Fig. 5, and Fig. 6.

Maximum pile bending moment which occurs at or
closed to the interface of two soil layers is the focus of this
parametric study. This moment is normalized as
Mn, max 

M max
2 4
ω d u

Mmax = maximum pile bending moment
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Figure 3 Effect of frequency ratio on Mn,max

Figure 5 Effect of L/d on Mn,max for h1/L=0.25 and h3/L=1

Figure 6 Effect of L/d on Mn,max for h1/L=0.5 and h3/L=1

Figure 4 Effect of frequency ratio on Mn along the pile length

C.

Effect of h3/L

The above analysis are repeated for h3/L = 3. The graphs
are shown in Fig. 7, and 8 for h1/L=0.25 and h1/L=0.5
respectively.

Figure 7 Effect of L/d on Mn,max for h1/L=0.25 and h3/L=3
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the rate of increase in Mn,max with L/d is not very
pronounced.
6. Effect of h1/L: increase in the thickness of the upper softer
soil layer compared to the length of pile significantly
increases the Mn,max. This conclusion is based on
comparing the Mn,max in Fig. 5 and Fig. 6.
7. Referring to Fig. 7 and Fig. 8. The effect of all the
parameters as described in para-3 above is studied for
h3/L=3. It is seen that the Mn,max increases with h3/L.
This is expected as the free field motion increases as the h3
increases.
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