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ABSTRACT 
In this study an analytical analysis has been performed on 

the Atkinson cycle to create a thermodynamic model that 

allows for the optimization of both net work output as well as 

cycle efficiency. The model is first based on the ideal Atkinson 

cycle; it is then expanded to include compression and 

expansion losses, followed by an exploration into variable 

specific heat effects by taking into account the specific heat of 

both cold air and burned gas. The result is explicit formulations 

of different operating pressure ratios that allow for optimization 

of net work output and efficiency, as well as showing how 

compression and expansion inefficiencies and more accurate 

use of specific heats affect cycle performance. The results 

obtained in this work are useful to understand how the net work 

output and efficiency are influenced by the above losses and 

working fluid properties.    

Keywords: Atkinson cycle, wave disk engine, gas turbine, 

pressure-gain combustion, constant- volume combustion. 

 

INTRODUCTION 
Gas turbine engine performance can be significantly 

improved by implementing an unfamiliar thermodynamic cycle 

known as the Atkinson (aka Humphrey) cycle [1]. The 

Atkinson cycle is similar to the Brayton cycle but uses 

constant-volume combustion rather than constant-pressure 

combustion process. Compared to the Otto cycle, the Atkinson 

cycle benefits from full expansion of burned gas, which does 

not occur in the Otto cycle. Thermodynamic analysis of the 

Atkinson cycle shows that the implementation of this cycle 

significantly reduces entropy generation while producing more 

net work output, allowing for engine efficiency enhancement 

[2].  

 

Figure 1: p-v Diagram of the Atkinson cycle.  

 

 

Figure 2: T-s Diagram of Atkinson Cycle. 

 

Figures 1 and 2 schematically show pressure-specific 

volume and temperature-entropy diagrams for the ideal 

Atkinson cycle, respectively. They describe isentropic 

compression occurring between 1 and 2, followed by constant-

volume combustion between 2 and 3, continuing with 

isentropic expansion between 3 and 4, ending with constant 

pressure heat rejection back to initial conditions.   

Almost all previous studies [3, 4] have focused on 

reciprocating heat engine working on (modified) Atkinson 

cycle and few prototypes have been built and successfully 
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tested [5]. Their mass production in the automotive industry in 

the future is envisioned. Despites its beneficial thermodynamics 

features, less studies on gas-turbine engines based on the 

Atkinson cycle have been reported and ideal choices are still 

under research and development. The recent Wave Disk Engine 

(WDE) concept [6], which is of particular interest to the 

authors, is among candidates that allow the Atkinson cycle to 

be implemented to both piston-cylinder and gas turbine 

engines. The WDE is a radial internal-combustion wave rotor 

[7] which has the potential to be used as an efficient power-

generation unit for various applications.  

Throughout the course of this paper, the net work output 

and efficiency of the Atkinson cycle will be explored in terms 

of operating temperature ratio T3 /T1= �, and compressor 

pressure ratio p3 /p1 = �. The optimum and maximum net work 

output, cycle efficiencies, and pressure ratios will be 

determined through explicit mathematical expression for the 

ideal Atkinson cycle, the Atkinson cycle with isentropic losses, 

and taking rudimentary variable specific heat effects into 

account. 

 

MODEL OF IDEAL AIR STANDARD ATKINSON CYCLE 
The first model introduced is the ideal air standard model 

of the Atkinson cycle. This hypothetical model assumes no 

losses, and constant specific heats of dry air.  This model is the 

most simplistic, however it will be used as a guide to build 

other models based on it. 

 

Net work output for ideal air standard Atkinson cycle 

To begin the analysis of the Atkinson cycle, the first law of 

thermodynamics is applied to the cycle [2]:  

 ���� = 	
�� − ��� − 	
��� − ��� − ���� − ��� =  	
�� − ��� − 	
��� − ��� − ��� − ��� = 	��� − ��� − 	
��� − ��� 

 

 

(1) 

 

The next step is to express Eq. (1) in terms of cycle 

temperature ratio, �/��, and compressor pressure ratio, ��/�� . 

To start: 

 ���� = 	��� ���� − 1� − 	
�� ����� − 1� 
 

(2) 

 

Reference [8] has introduced the following expression 

using the definition of heat addition, ��� = 	��� − ���, for the 

Atkinson cycle:  

 ���� = ����������  � ���	��� + ���������!�� = ����
�������  

 

 

 

(3) 

 

By substituting Eq. (3) into Eq. (2), and normalizing ���� 

by 	��� , the following equation is obtained for the specific 

work: 

 

A plot of Eq. (4) with pressure ratio as the independent 

variable is seen in Fig. 3 for several temperature ratios. There is 

a clear optimum pressure ratio for each temperature ratio that 

corresponds to maximum non-dimensional net work output. As 

temperature ratio increases, the optimum pressure ratio and 

corresponding (maximum) net work output increase as well. In 

addition, each temperature line decays to zero at very large 

pressure ratios. This implies that there exists a maximum 

pressure ratio for which there is zero net work output.  

Figure 3: Plot of non-dimensional net work output vs. 

compressor pressure ratio for k =1.4 and t = 4, 5, 6. 

 

It is desired to derive an explicit expression for the 

optimum pressure ratio, (ropt)w , at which the work output 

reaches a maximum. The optimum compression ratio value is 

obtained by differentiating the net work output in Eq. (4) with 

respect to r and equating it to zero for any given temperature 

ratio. This yields: 

 "�#
�$% =  � ��&�� 
 

(5) 

 

Substituting Eq. (5) into Eq. (4) gives: 

 �����	��� �'() = � − � ��*��1 + +� + + 
 

(6) 

 

Equation (6) calculates the maximum net work output of 

the ideal air standard Atkinson cycle for any given temperature 

ratio.  

To solve for the maximum pressure ratio, ��'()�% which 

results in zero net work output, Eq. (4) must be set equal to 

zero, and solved in terms of  r, yielding: 

 

��'()�% = �� + + − + � ��  ��'()�%����& � ����
 

 

(7) 

 

Equation (7) is a nonlinear equation in terms of r, which 

may not be explicitly solved for ��'()�% . The solution can be 

found by solving Eq. (7) numerically.   

����	��� = � − ����� − + ��� �����& + +   

(4) 
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Efficiency for ideal air standard Atkinson cycle 

Cycle efficiency for the Atkinson cycle is defined by: 

 , = ������� = ����	��� − ��� 
 

(8) 

 

Combining Eq. (8) and Eq. (4) yields an equation for cycle 

efficiency in terms of � and t such that: 

 

, = � − ����� − + ��� �����& + +
� − �����  

 

 

(9) 

 

A plot of Eq. (9) for � = 4, 5, 6 is shown in Fig. 4 along 

with the corresponding Carnot efficiencies calculated by: 

 ,1(2�#� = 1 − ��� 
 

(10) 

 

As the compression ratio increases, the thermal efficiency 

increases, but the rate of increase diminishes at higher 

compression ratios. As expected, higher efficiencies are 

obtained as the operating temperature ratios rise. The maximum 

ideal efficiency will be the Carnot efficiency.  

A discontinuity will occur at � = �3453  which implies that 

T2 = T3 . Physically what causes this is due to the fact that at 

very large compressor pressure ratios, temperature T2 

approaches the temperature T3 resulting in zero heat addition. 

For instance, for t = 4, the discontinuity occurs at ��678 �9 =128, for t = 5, ��678 �9 = 279.5, and for t = 6, ��678 �9 =529.1. The corresponding maximum efficiencies are ,'() = 0.75, 0.8, and 0.833, respectively.   

For each temperature ratio, there is a efficiency, ,"2?@A$B , 

such that the non-dimensional net work output is maximized. 

To obtain the corresponding thermal efficiency at maximum 

work output, Eq. (5) is substituted into Eq. (9). This yields: 

 

,"2?@A$B = 1 + + �1 − � ��*��
� − � ��*�  

 

 

(11) 

 

Figure 4: Plot of ideal efficiency vs. compressor pressure ratio 

with corresponding Carnot efficiencies for k=1.4 and � =4, 5, 6. 

 

Equation (11) gives an explicit formula to find the 

efficiency corresponding to the maximum net work output for 

the ideal air standard Atkinson cycle at a given operating 

temperature ratio. This can be clearly seen in Fig. 5, which 

shows variations of non-dimensional net work output versus 

cycle efficiency for � =4, 5, 6, with lines of constant 

compressor pressure ratio shown as a reference. These lines are 

graphical tools to find maximum point of net work output on 

each of the temperature curves. Such performance maps are 

useful for engine optimization.  

 
 

Figure 5: Plot of ideal efficiency vs. non-dimensional net work 

output for k =1.4 and � =4, 5, 6 with lines of constant pressure 

ratio (r = 2, 10, 20, 50). 

 

AIR STANDARD ATKINSON CYCLE WITH 
COMPRESSION AND EXPANISON LOSSES 

The next model explored is the Atkinson cycle with losses 

during compression and expansion processes (the so-called 

non-ideal cycle).  
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Net work output of air standard Atkinson cycle with 

compression and expansion losses 

Compared to the ideal air standard Atkinson cycle, a more 

realistic model can be developed by applying isentropic 

efficiencies to both the compression (,1� and expansion �,�� 

processes. To begin deriving the net work output for the 

Atkinson cycle with compressor and turbine losses, Eq. (1) is 

considered again: 

 ���� = 	
�� − ��� − 	
��� − ��� − ��� − ��� = 	
� �1 − ���� − 	
�� ����� − 1� − ��� ���� − 1� 

 

 

(12) 

 

From the definition of compression isentropic efficiency: 

  ���� = ����� − 1,1 + 1 

 

(13) 

 

Likewise from the definition of expansion isentropic efficiency:  

 

1 − ��� = ,� C1 − ��������� D 

 

 

(14) 

 

Before the losses can be integrated into Eq. (12), the right 

hand side of Eq. (14) must be written in terms of � and � only.  

This is obtained as follows: 

 ��� = ����
����

��� = ����
����

��� = ������ C����� − 1,1 + 1D 

 

 

 

(15) 

 

Substituting Eq. (13), (14) and (15) into Eq. (12) and 

normalizing by 	E�� yields: 

 

����	��� = ,�  + �
FG
GG
H1 −

I
JK����� ����� L����� − 1,1

+ 1M
����

N
OP

QR
RR
S        − + C����� − 1,1 D  +      

  �1 − +� L� − C����� − 1,1 + 1DM 

 

 

 

 

 

 

 

 

 

 

(16) 

 

Equation (16) can easily be verified by setting ,1 = ,� =1, resulting in Eq. (4) which represents the ideal cycle.  

Figure 6 compares both the ideal and non-ideal non-

dimensional net work output with 90% losses during 

compression and expansion processes. The realistic net work 

output behaves similar to that of the ideal cycle.  However, the 

net work output decreases significantly when losses are 

included. The curves with losses also have a steeper slope than 

the ideal curves. This implies that the pressure ratio, for which 

the net work output is maximized, "�#
�$% , will be lower when 

losses are included. To find this pressure ratio, the derivative of 

Eq. (16) is taken, and set equal to zero. This yields: 

 

Figure 6: Plot of non-dimensional net work output, ideal and 

with losses vs. compressor pressure ratio for k =1.4, ,1 = ,� =0.9, and � =4, 5, 6. 

 UU� �����	��� �

=
FG
GG
GG
H
�−1 + +�

I
JJJ
K−����

+ ,� �� + +�−1 + ,1����� V1 + −1 + ���*��,1 W
��� ���

��
N
OOO
P

QR
RR
RR
S

/�+,1� = 0 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(17) 

 

Figure 7 shows the results of numerical methods applied to 

Eq. (17) to solve to "�#
�$%at different temperature ratios, and 

for different loss values. For a given temperature ratio, the ideal 

cycle has the largest "�#
�$%. As losses accumulate, "�#
�$%decreases, and the slope of the "�#
�$% curve becomes 

shallower.   

Finally, from Fig. 6, it is expected to find an ��'()�% such 

that the net work output becomes zero. To obtain ��'()�%, Eq. 

(16) must be set equal to zero for a given temperature ratio, and 

the solved for �. Again, this solution must be numerically 

calculated.  

 

Scientific Cooperations International Journal of Mechanical and Aerospace Engineering, Vol. 1, Issue 1, November 2015

50



 
 

Figure 7: Plot of "�#
�$%vs. temperature ratio for both ideal 

and non-ideal (,1 = ,� = 0.85, 0.90, 0.95) cycles, for k =1.4.  

 

Efficiency for air standard Atkinson cycle with compression 

and expansion losses 

Continuing in the same fashion, an analysis of the cycle 

efficiency with losses is needed. To proceed, Eq. (16) is 

divided by ���, and multiplied by 	���:   

   

, =
FGG
GGH,�  + �

FG
GG
H1 −

I
JK����� ����� L����� − 1,1 + 1M

����

N
OP

QR
RR
S        

− + C����� − 1,1 D

+  �1 − +� L� − C����� − 1,1 + 1DM
QRR
RRS

/ L� − C����� − 1,1 D + 1M 

 

 

 

 

 

 

 

 

 

 

 

 

(18) 

 

A plot of Eq. (18) is shown in Fig. 8 for ,1 = ,� = 0.9, 

compared with the ideal efficiency. As seen, when losses are 

taken into account, there will be a maximum cycle efficiency 

for any fixed temperature ratio which is lower than the 

corresponding Carnot efficiency. The so-called optimum 

pressure ratio, "�#
�$9, for  a maximum cycle efficiency can be 

obtained when the derivative of Eq. (18) is taken, and set equal 

zero. Again explicit solution becomes difficult to obtain, and 

numerical methods are needed to solve for "�#
�$9. Comparing 

the values of "�#
�$%and "�#
�$9from Figs, 6 and 8, 

respectively, it is concluded that for the optimum pressure ratio 

based on work occurs at a lower pressure ratio than the point of 

maximum efficiency at the same temperature ratio, i.e.  "�#
�$9> "�#
�$%, similar to the Brayton cycle. Thus, an 

intermediate compression pressure ratio may be considered for 

performance optimization. Similarly, substituting "�#
�$9 into 

Eq. (18) would result in finding maximum efficiency for the 

Atkinson cycle with losses. Finally, to obtain maximum 

pressure ratio such that the efficiency will drop to zero, ��'()�9, can be obtained by setting Eq. (18) equal to zero and 

solving for � numerically.  

 

Figure 8: Plot of efficiency with losses and ideal vs. pressure 

ratio for k =1.4, � =4, 5, 6 and  ,1 = ,� = 0.9. 

 

Similar to Fig. 5, Fig. 9 represents performance 

characteristics of the Atkinson cycle with losses included. 

Hence, Fig. 9 clearly shows maximum points for cycle both 

efficiency and specific net work output for given temperature 

ratios when losses are taken into account.  

 

Figure 9: Plot of efficiency with losses vs. non-dimensional net 

work output for k =1.4 and � =4, 5, 6 with lines of constant 

pressure ratio (r = 2, 5, 10, 20) and  ,1 = ,� = 0.9. 
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PERFORMANCE OF IDEAL ATKINSON CYCLE WITH 
VARIABLE SPECIFIC HEATS 

Another adjustment that can be made to the current 

thermodynamic model developed for the Atkinson cycle is to 

add rudimentary variable specific heat effects. The simplest 

way to see how variable specific heats could affect the 

performance of the cycle would be to assign a “cold” specific 

heat to states between points 1 and 2 of the cycle, and a “hot” 

specific heat to states between points 3 and 4 of the cycle. 

Following the procedure described before, the net work 

output can be calculated by: 

 ���� = 	
X�� − ��� − 	
1��� − ��� − ���� − ��� = 	
X�� − ��� − 	
1��� − ��� − Y�X� − �1��Z = 	�1�� �+1 ���� − 1� + 	�X� �1 − +X ���� 

 

 

 

(19) 

 

Normalizing by 	�1�� yields: 

 ����	�1�� = �+1 − ����� + �	�X	�1
��� − 	
X	�1

����� 
 

(20) 

 

To keep the model consistent with discussions before, Eq. 

(20) should be written in terms of � and � alone.  Thus:   

 ���� = ���
��� = ��� ������[�� �[ = ��� �����

�����[���[

= ��� �������[���[ �����
�����[���[

= ��� ��������[�����\����[�\ �����
�����[���[

 

 

 

 

 

 

 

 

 

(21) 

 

Where kc = Cpc /Cvc and kh = Cph /Cvh are specific heat ratios for 

cold and burned gases, respectively. Substituting Eq. (21) into 

Eq. (20) gives: 

 ����	�1�� = +1 − ��\���\ + 	�X	�1 �
− 	
X	�1 � �����[�����\����[�\ �1�  1���[���[

  = +1 − ��\���\ + 	�X	�1 � − 	
X	�1  � ��[  ����[�[�\  

 
 
 
 
 
 
(22) 

 

The cycle efficiency can easily be derived from Eq. (22) in 

the same fashion as described before: 

 

, = ����	�1�� 	�1��	�X� − 	�1�� 
= FG

GH+1 − ��\���\ + 	�X	�1 � − 	
X	�1 � ��[ ����[�[�\
	�X	�1 � − ��\���\ QR

RS 

 

 

 

 

(23) 

 
 

Figure 10: Plot of ideal efficiency with constant and variable 

specific heats (+1 = 1.4 , +X = 1.33, �1 = �X = � = 287 ^_` _ ) versus pressure ratio for � =4, 5, 6. 

 

Equations (23) is plotted in Fig. 10 with pressure ratio as 

the independent variable for several values of temperature ratio, � = 4, 5, 6 and typical values of +1 = 1.4 , +X = 1.33 for air 

and burned gasses. A comparison is also made with the cold-air 

standard Atkinson cycle considered before (e.g. see Fig. 4). 

Results show that the variable specific heat model predicts 

lower efficiency which is expected with a more realistic model. 

Physically, for the same burner inlet and exit conditions, the 

variable specific model would demand more heat to be provide 

to the cycle, lowering the efficiency.   

 

PERFORMANCE OF ATKINSON CYCLE WITH 
VARIABLE SPECIFIC HEATS INCLUDING 
COMPRESSION AND EXPANISON LOSSES 

To make the model more comprehensive, an analysis with 

cold air and burned gas specific heats applied to a non-ideal 

cycle needs to be developed. First, an expression for net work 

output is developed as follows: 

 ���� = 	
X�� − ��� − 	
1��� − ��� − ��X� − �1��� = 	
X� �1 − ���� − 	
1�� ����� − 1�
− �� ��X ��� − �1� 

 

 

(24) 

 

Applying isentropic efficiency expressions to Eq. (24) and 

normalizing by 	�1�� yields: 

 ����	�1�� = 	
X	�1 � L,� C1 − ������[���[ DM − +1 L��\���\ − 1,1 M
− 1	�1 L�X � − �1 C��\���\ − 1,1 + 1DM 

 

 

 

 

 

(25) 
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Using part of the derivation for Eq. (21), P4 /P3 can be 

written in terms of � and � .  Hence, Eq. (25) can be written as: 

 

����	�1�� = 	
X	�1 �
FG
GG
H,�

I
JK1

−
FGG
GHC��\���\ − 1,1 + 1D

�[���[ C��\���\ − 1,1

+ 1D
�\����[���a����[ ����[�[

QRR
RS
N
OP

QR
RR
S

− +1 L��\���\ − 1,1 M
− 1	�1 L�X� − �1 C��\���\ − 1,1 + 1DM 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(26) 

 

The cycle efficiency follows simply by multiplying Eq. 

(26) by 	�1�� and dividing by the definition of ��� adjusted to 

pre and post combustion specific heats: 

 

, = b ����	�1��c 	�1��
	�X	�1 � − L��\���\ − 1,1 + 1M

 

 

 

 

(27) 

 

Figure 11 shows a plot of Eq. (27) compared to results 

obtained in Fig. 8 for a cold air cycle. From the graph, it 

appears that the model with variable specific heats predicts less 

efficiency at lower pressure ratios.  However if the pressure 

ratio becomes high enough, the efficiency of the multiple 

specific heat model becomes higher than the cold air standard 

model, as the decay of the curve is much shallower than the 

cold air standard model.   

Lastly, Fig. 12 compares all four models of efficiencies 

(cold air ideal, ideal with variable specific heat effects, cold air 

non-ideal, and non-ideal with variable specific heat effects) for  � = 4. This allows for prospective on how the efficiency of 

each model compares with the others.   

As expected, the cold-air ideal model is the most efficient, 

with the maximum efficiency possible for the cycle being the 

Carnot efficiency.  The ideal model with variable specific heats 

is more realistic and is the next most efficient. The interesting 

part of this plot, however, is how the models with losses 

intersect each other, and the air standard with losses model 

becomes less efficient at higher pressure ratios. 

 

 

 

 

Figure 11: Plot of efficiency verses pressure ratio for cold air 

and variable specific heats (+1 = 1.4 , +X = 1.33, �1 = �X = � = 287 ^_` _ ) for � =4, 5, 6, including losses ,1 = ,� = 0.9. 

 

 

Figure 12: Plot of all efficiency models verses pressure ratio 

for � =4.     . 
 

SUMMARY 
In this study, the thermodynamics of the Atkinson cycle 

was analyzed using pure thermodynamics relationships. The 

analysis explored multiple models using graphical 

representations to interpret the results. The findings mapped out 

the optimum net work output and cycle efficiency for showing 

the relationship between these two quantities, and how the 

pressure ratio and operating temperature affects them. The 

results show that the effects of variable specific-heats of 

working fluid on the cycle performance are significant, and 

should be considered in practical cycle analysis. The results 

obtained in this paper may provide guidelines for the design of 

practical engines operating on the Atkinson cycle. 
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NOMENCLATURE 
 d
 Specific heat at constant pressure d� Specific heat at constant volume + Specific heat ratio � Ideal gas constant d
1 Specific heat at constant pressure for cold air  d
X Specific heat at constant pressure for burned gas � Temperature ratio � Compression pressure ratio ,1 Compression isentropic efficiency ,� Expansion isentropic efficiency "�#
�$% Pressure ratio corresponding to the maximum 

net work output ��'()�% Largest pressure ratio corresponding to where 

net work output becomes zero "�#
�$9 Pressure ratio corresponding to the maximum 

efficiency ��678 �9 Largest pressure ratio corresponding to where 

efficiency becomes zero 
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